We study the von Neumann algebra generated by q-deformed Gaussian elements l i + l * i , where operators l i fulfill the q-deformed canonical commutation relations
Introduction
In 1970 Frisch and Bourret [FB70] considered the commutation relation
fulfilled by annihilation operator l and its adjoint creation operator l * for q ∈ R. Annihilation and creation operators are indexed by elements of a fixed real Hilbert space H R and they act on a complex Hilbert space F, called Fock space. There is a distinguished unital vector ∈ F, called the vacuum, such that l φ = 0 for every φ ∈ H R . It was a long time until Bożejko and Speicher [BS94] showed in 1994 the existence of the operators considered by Frisch and Bourret for all −1 < q < 1. Frisch and Bourret were studying generalized Gaussian variables L φ = l φ + l * φ ; it turns out that the algebra q generated by (L φ ) can be equipped with a tracial state a → , a . The motivation for studying such Gaussian variables is that if q = 1 then (1) coincides with the canonical commutation relations and hence (L φ ) can be identified with a family of classical Gaussian random variables; for q = −1 relation (1) coincides with the canonical anticommutation relations; furthermore it turned out much later that for q = 0 relation (1) coincides with the free relation and hence (L φ ) is a family of Voiculescu semicircular elements [VDN92] .
In this article we will study the von Neumann algebra q generated by q-deformed Gaussian variables L φ . Since for q = 0 these von Neumann algebras are isomorphic to the free group factors, we can consider the general case as a 'smooth' deformation of this eminent case. Not too much is known about q , in particular it is not clear if it is always isomorphic to the free group factors. Bożejko and Speicher [BS94] showed that under certain conditions q is non-injective; recently Nou [Nou02] showed that it is enough to assume that −1 < q < 1 and dim H R ≥ 2. Recently Shlyakhtenko [Shl03] showed that if |q| < √ 2 − 1 and dim H R ≥ 2 then algebras q are solid (cf.
[Oza03]) and if they are factors then they do not have the property .
Bożejko, Kümmerer and Speicher [BKS97] showed that if the number of generators is infinite (i.e. if dim H R = ∞) then for every −1 < q < 1 the algebra q is a II 1 factor. In this article we show that this result remains true if the number of generators is finite, greater than some constant depending on q and that this factor does not have the property . We also point out that the same proof can be used for proving the analogous result for many other von Neumann algebras, both finite and infinite.
Notations
If not stated otherwise, all results presented in this section are due to Bożejko and Speicher [BS94].
Fock space.
Let H R be a real Hilbert space equipped with a bilinear scalar product (·, ·); we will denote its complexification by H and the corresponding sesquilinear scalar product by ·, · . Let furthermore −1 < q < 1 be fixed. For integer n ≥ 0 we introduce an operator P (n) : H ⊗n → H ⊗n given by
where inv σ is the number of inversions in σ , i.e. the number of pairs (i, j ) such that 1 ≤ i < j ≤ n and σ(i) > σ(j). Operator P (n) is strictly positive, therefore we can equip H ⊗n with a new scalar product
for , ∈ H ⊗n , where ·, · denotes the standard scalar product on H ⊗n . In the following by H ⊗n we will mean the n-fold tensor product equipped with the standard scalar product ·, · and by H ⊗n q the n-fold tensor product equipped with the scalar product ·, · q .
The q-Fock space F is a complex Hilbert space defined by
where the term H ⊗0 q should be understood as one-dimensional space C for some unital vector . By H ⊗ F we will mean the tensor product of Hilbert spaces H and F
